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Discrete PAM

o At the beginning: Choose (1(z)),cz2 as i.i.d. random variables
o v(t,x):=E[#particles at (t,x)|7n]
e Parabolic Anderson model (PAM)
0tv=Apv+v:n
° Intensively studied (e.g. Carmona, Molchanov, Gartner, Kénig,...)
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A second model

Population of some species V' : [0, T] —[0,C], C>0

d
—V=1-V(C-V
G/ = vEe-Y)

e 1>0: Pleasant conditions, growth (with saturation)

e 1 <0: Unpleasant conditions, extinction (asymptotic decline)

More general

0:V =A-F(V), F(0)=0.
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Nonlinear PAM

PAM & Growth Model — Nonlinear PAM

0tv=Azv+n-F(v)

e Individuals spread on 72 (— Az2)
(If F=0)
e 717(x) >0 — Population grows on x
e 1(x) <0 — Population decreases on x
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Zooming out

0tv=Aznv+en-F(v), v(0)=1.o9 Microscopic
Consider instead

vt (t,x) = e 2v(e72t, £71x)

& (x) 1= e (e 1x) — & (white noise)

Then
Fe(uf)

—N— )
0t (t,x) = Ayz2 € + £ 2F (2 uf) &°, Macroscopic
ué(0) =€ 21,1.¢ (— o)
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Nonlinear PAM & weak universality Recap: PAM on R2 & paraproducts

PAM on R?

Proof of the weak universality

O0tu=Au+ F(u)(&—o00)

solved by Gubinelli-Imkeller-Perkowski '15, using paraproducts, on

[0, T] x T2.

Linear equation (F(u) = u) was solved on R? x [0, T] by Hairer-Labbé
'15.
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Weak universality
We consider on [0, T] x €22
0:u = A2 + FE(u®) (&5 = cF) (1)
where F€ = 2F(2-) and ¢ = |loge].
Theorem (M.-Perkowski '17)

If uf solves (1) with F e C?, F(0)=0, F" € L, then there is an
extension &€uf : R? — R, &€ uf|,z2 = u® such that for e — 0

EUF—u
where u solves on [0, T] x R?
Oru=Au+F'(0)u(é —0).

“No saturation on large scales”
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White noise on R?

& random measure (not really)
o Vpe P’(R)  &(9):=[odé~N(0l¢l2g)
* (pLYe@)=0 = {(p1)L(¢2)

Recall: signed measures can be
e added
e multiplied with functions
e Fourier transformed

~ Generalization of functions
but NOT defined: measure - measure!

(depends on “Holder smoothness”)
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Littlewood-Paley-blocks

For f function or measure

f=Y & 1pnomn)(1-)-FF) =0 ¥ Anf

m=0 m=0

Amnf :"frequencies around 2™
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Littlewood-Paley-blocks

For f function or measure

f=Y & 1pnomn)(1-)-FF) =0 ¥ Anf

m=0 m=0

Amnf :"frequencies around 2™

Note: A, f e C*I
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Haolder spaces

For a e R:
€ (R?):= {F 11 ligu(me) <00}
where

1 loge m2) = sup YA | oo (r2)
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€ (R?):= {F 11 ligu(me) <00}

where

I llga(m2) := sup 21“||A fll Loo(m2)
Jjz-1

For example

ee ™ (R?) = ) €“(R?).
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Haolder spaces

For a e R:
€ (R?):= {F 11 ligu(me) <00}
where

I llga(m2) := sup 21“||A fll Loo(m2)
Jjz-1

For example
e = [ €%“(R?).

a<-1

If @ €(0,1): functions with

1f(x)=f(y)l
f a ~ SU fX +sup —m—mM8M8M8M8.
Wireey = sl 200 ™=, e
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Nonlinear PAM & weak universality Recap: PAM on R2 & paraproducts Proof of the weak universality

Bony decomposition

f-g= Z Anf-Alg

m,[=0
= Y AfAmg+ Y, AfAmg+ ), AfApg
m</-1 I<m-1 Im-I<1

f<g+g<f+feg

f<g,g<f are always well-defined,
f e g is only well-defined if f € €%, g€ 6P with a+ > 0.
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Properties of <, e

o (0:—A)(u<X)=u<(0:—A)X+Z%
e us(v<w)=v-(uew)+Z%

e (<A =R

e (e X=X

with a “smooth” term Z.
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(0c-A)u= ¢ (2)
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Recap: PAM on R2 & paraproducts

(0t —A)u=ué (2)
feel O et _qpt

ué ill-defined, since —1"+1"=0" <0

Strategy
e Mollify & = (2) well-defined
e A priori bounds via paraproducts

e Remove Mollification
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Nonlinear PAM & weak universality Recap: PAM on R2 & paraproducts Proof of the weak universality

Properties of <, e

o (0:—A)(u<X)=u<(0:—A)X+Z
e us(v<w)=v-(uew)+Z

o (<A=X

o (e R=X

with a “smooth” term Z. In particular

RE=R<E+E<R+ER
= #<¢ +X
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bad term
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A priori bounds for (0; —A)u = ué

Idea: solve eq. for u*:=u—u<X, (0 —A)X:=¢
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A priori bounds for (0; —A)u = ué

Idea: solve eq. for u*:=u—u<X, (0 —A)X:=¢

(0t =AY = ué —(0: — A)(u< X)
=¢{<u+loutu<E—(0:—A)(u<X)
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Recap: PAM on R2 & paraproducts

A priori bounds for (0; —A)u = ué

Idea: solve eq. for u*:=u—u<X, (0 —A)X:=¢

(0t =AY = ué —(0: — A)(u< X)
=¢{<u+loutu<E—(0:—A)(u<X)
=¢(<u+éeu+#
=¢<utée(u<X)+ufeé+ 7
=E<utu-(EeX)+uT o R+ R

Replace the ill-defined & o X by £ X =limp_oo&" e X" —E[E7 0 X7
(“Wick product”)
e Equation good enough to make u# smooth

e Standard estimates yield a priori bounds

— solution to linear PAM on R?
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Proof of the weak universality
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Proof of the weak universality

Recall: We want to show for u® in
0ruf = Ap2u® + FE(uf) (65 = ¢F)
with F€ = ¢ 2F(&2-) converges (under some extension &¢) to

0ru=Au+F'(0)u(é —o0)
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Proof of the weak universality

Previous methods

Previous method to combine discrete equations with “paraproduct
approach” (Mourat—Weber 16, Gubinelli-Perkowski '17, Zhu-Zhu '15,
Chouk-Gairing-Perkowski '17, Shen-Weber ’16):

Find a U¢: R? — R, U?|,z2 = uf that satisfies similar equation on R?.
Apply paraproduct methods on U¢!

Random operators pop up — highly technical!
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Proof of the weak universality

New approach

e We introduce paraproducts on the lattice

e We develop a toolbox for discrete Wick calculus to handle
renormalization (based on Caravenna-Sun-Zygouras ’17)

e We derive uniform bound of u* in discrete Holder space
e We extend uf to R? “at the end” by some &%, pass to the limit.

Our methods work for a wide class of SPDEs and shorten the
proofs to quite some extend!
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Nonlinear PAM & weak universality Recap: PAM on R2 & paraproducts Proof of the weak universality

Discrete paraproduct

F
fe7>—C = Ff:[-ne,me]? - C
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Nonlinear PAM & weak universality Recap: PAM on R2 & paraproducts

Discrete paraproduct

F
fe7>—C = Ff:[-ne,me]? - C
f= Y Apf,N~g!
O0=m=N¢
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Discrete paraproduct

F
fe7>—C = Ff:[-ne,me]? - C
f= Y Apf,N~g!
O0=m=N¢

f<g= Z Z Af-Ang

2=m=<N¢ 0</<m-1
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Nonlinear PAM & weak universality Recap: PAM on R2 & paraproducts Proof of the weak universality

Discrete paraproduct

F
fe7>—C = Ff:[-ne,me]? - C
f= Y Apf,N~g!
O0=m=N¢

f<g= Z Z Af-Ang

2=m=<N¢ 0</<m-1

= All estimates carry over readily (in appropriate spaces)
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Nonlinear PAM & weak universality Recap: PAM on R2 & paraproducts Proof of the weak universality

Discrete Holder spaces

For a e R:
€ (e22) = {F11flgu(ez2) < oo
where
Ifllgaezzy:= sup  2UIAjfll o(ez2)
—1<j<Ne

For example (with uniform bounds)
Eee ™t (e2?)= N €%(e2?).
a<-1
If @€ (0,1) (uniformly in €)

[f(x)—1f(y)l
Ifllgaez2y = sup If(x)I+  sup ()—i)
xeeZ? X,y€eZ?,x2£y IX—y|
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A priori bounds for (0; — A,z2)u® = F¢(u®)&f

Recall F€ =¢72F(e2.), F(0)=0. We consider
uet = uf — F'(0)uf < X, (8¢ — Apz2) XE = &F
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A priori bounds for (0; — A,z2)u® = F¢(u®)&f

Recall F€ =¢72F(e2.), F(0)=0. We consider
uet = uf — F'(0)uf < X, (8¢ — Apz2) XE = &F

(0e = Acz2)u™ = FE(uf)E* = (0e = Acz2) (F'(0)u® < X°)
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A priori bounds for (0; — A,z2)u® = F¢(u®)&f

Recall F€ =¢72F(e2.), F(0)=0. We consider
uet = uf — F'(0)uf < X, (8¢ — Apz2) XE = &F

(0t — Agz2)u™F = FE(u°)E% = (8¢ — Agz2) (F'(0)u < X¥)
T E0)ufEE + 0p (1) = (0 — Agg2 ) (F'(0)uf < X)
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A priori bounds for (0; — A,z2)u® = F¢(u®)&f

Recall F€ =¢72F(e2.), F(0)=0. We consider
uet = uf — F'(0)uf < XE, (8¢ — Apz2 ) XE = ¢

(0t — Agz2)u™F = FE(u°)E% = (8¢ — Agz2) (F'(0)u < X¥)
T E0)ufEE + 0p (1) = (0 — Agg2 ) (F'(0)uf < X)

Then: basically same computations as above.
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A priori bounds for (0; — A,z2)u® = F¢(u®)&f

Recall F€ =¢72F(e2.), F(0)=0. We consider
uet = uf — F'(0)uf < XE, (8¢ — Apz2 ) XE = ¢

(0t — Agz2)u™F = FE(u°)E% = (8¢ — Agz2) (F'(0)u < X¥)
T E0)ufEE + 0p (1) = (0 — Agg2 ) (F'(0)uf < X)

Then: basically same computations as above.
c.=~|loge|

———
Replace &€ e X by &€ e X —E[¢E€ o X7
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A priori bounds for (0; — A z2)u® = F¢(u®)(é° — ;)

Recall F€ =¢72F(e2.), F(0)=0. We consider
uet = uf — F'(0)ué < XE, (8¢ — Apz2 ) XE = ¢

(0t — Agz2)u™F = FE(u°)E% = (8¢ — Agz2) (F'(0)u < X¥)
T E0)ufEE + 0p (1) = (0 — Agg2 ) (F'(0)uf < X)

Then: basically same computations as above.
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Nonlinear PAM & weak universality Recap: PAM on R2 & paraproducts Proof of the weak universality

A priori bounds for (0; — A,z2)u® = F(u®)(&° —¢;)

Recall F€ =¢72F(2.), F(0)=0. We consider
uet = uf — F'(0)ué < XE, (8¢ — Apz2 ) XE = ¢
(0e = Acz2)u™ = FE(uf)E* = (0e = Acz2) (F'(0)u® < X°)
T F0)utE + 0e(1) = (0 — Agz2) (F'(0) € < X©)

Then: basically same computations as above.
c.=~|loge|

———
Replace &€ e X by &€ e X —E[¢E€ o X7
— Uniform bounds in discrete Holder space
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Nonlinear PAM & weak universality Recap: PAM on R2 & paraproducts Proof of the weak universality

Extension operator

Extend uf:eZ% — R by &%uf : R? — R, &¢|,72 = u°:
E°U° = T [W(e) (Fez2 ) exd]

(...)ext: periodic extension,
Y e CRR): Tyer(-—K) =1
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Nonlinear PAM & weak universality Recap: PAM on R2 & paraproducts Proof of the weak universality

Extension operator

Extend uf:eZ% — R by &%uf : R? — R, &¢|,72 = u°:

&°u° = Fgg [w(e) (Fezp ) ol

(...)ext: periodic extension,
Y e CRR): Tyer(-—K) =1

For @ € R continuously (uniformly in ¢)

&° €% (e7%) — €%(R?)
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Proof of the weak universality

Uniform bound of u¢ in discrete Holder space on £72

!

Uniform bound of &¢u¢ in Holder space on R?
|
compact embedding: &%(uf) — u
|

Convergence of equation

Jérg Martin - Universality nonlinear PAM 32/34
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Some generalizations

e Instead of £7%: €4 with crystal lattice ¥ = a1Z +...+ agZ

o
REERa DAL
G
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Some generalizations

e Instead of £7%: €4 with crystal lattice ¥ = a1Z +...+ agZ

- o

| [ « s
ERn Sl SEE Shu SEE S e SO

[ T T « =
’”*’gi"*"*"*” =

| [ K
BERE Shb svre shisk shih Shby ] o

[ T T ]
R R S L R SR S S I

1 1 1 1 1 ]

e Instead of A,72/A.4: Generator of random walk with
subexponential moments — constant-coefficient elliptic
operator
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Thank you for your attention!
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